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Abstract

Superresolutionis the procesf recovering a high-resolutionim-

age from multiple low-resolutionimagesof the samescene. An

overview of existing supefresolutiontechniquess provided. This

includesthe formulationof an obseration modelandcoverageof

thedominantalgorithms- frequeng domainmethodsdeterminis-
tic regularization,andstochasticechniquesAlso coveredis recent
work on the limits of supefresolutionand a sectionon potential
futuredirectionsfor supesresolutionalgorithms.

1 Intro duction

Supetresolution,loosely speaking,is the processof recovering a
high-resolutionimagefrom a setof low-resolutioninput images.
Suchalgorithmshave long beenportrayedin movies and televi-
sion; a typical movie sceneshaving a computeroperatorrepeat-
edly zoomin on a persons faceor a licenseplatewherethe miss-
ing high-resolutiordetailmagicallyappear®nthecomputeiscreen
after eachsuccessie zoom(see gure 1). Clearlythisis pure c-
tion, afterall thereareanin nite numberof higherresolutionim-
ageshatcouldform theoriginal low-resolutionimage right? With
a singleimageandno a priori knowledge, this is true; however,
higherresolutioncontentcan be recorered— to a point — if mul-
tiple low-resolutionimagesare available of the samescenefrom
slightly differentposes.A closelyrelatedproblemis thatof image
restoation, which utilizes a priori knowledge of the sceneto re-
cover missingdetail from a singleimagé". So, while Hollywood
almostalways greatly exaggeratesvhat canrealistically be done,
thereactuallyis somemeritto the“zoomin andenhance’scenario
commonlydepicted.

Applicationsfor supefresolutionabound. NASA hasbeenusing
superresolutiontechniquedor yearsto obtain more detailedim-
agesof planetsandothercelestialobjects. Closerto home,supef
resolutioncanbeusedto enhancesuneillancevideosto moreaccu-
rately identify objectsin the scene.Oneparticularexampleof this
aresystemsapableof automaticallyreadinglicenseplatenumbers
from severely pixelatedvideo streams.Anotherapplicationis the
conversion of standardNTSC television recordingsto the newver
HDTV formatwhichis of ahigherresolution.

A variety of approachesgor solving the superresolutionproblem
have beenproposed.Initial attemptsworked in the frequeng do-
main, typically recovering higher frequeng componentsy tak-
ing advantageof the shifting andaliasingpropertiesof the Fourier
transform.Deterministicregularizationapproachesyhich work in
thespatialdomain,enablesasielinclusionof a priori constrainton
the solutionspace(typically with a smoothnesgrior). Stochastic
methodshave receied the mostattentionlately asthey generalize
the deterministicregularizationapproachesnd enablemore natu-
ral inclusion of prior knowledge. Otherapproachesnclude non-
uniform interpolation,projectiononto corvex sets,iterative back
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1while we focuson the superresolutionproblemin this paperit should
benotedthatmostif notall of thesupetresolutiontechniquesvereinspired
by or aspartof theimagerestoratioriterature.

Figurel: Two framesfrom themovie TheBourneldentity shaving
theenhancemerdf a suneillancevideo.

projection,andadaptve lItering. With the increasecemphasion
stochasti¢echnique$iasalsocomeincrease@mphasionlearning
priorsfrom from exampledataratherthanrelying on moreheuris-
tically derivedinformation.

Thefollowing sectionswill hopefully sene to elucidatethe super
resolutionproblem.We startby introducinga modelfor imagefor-
mation,thencover variousapproacheto the supetresolutionprob-
lem—frequeng domaintechniquesnon-uniforminterpolationde-
terministicregularization stochastianethodsprojectionontocon-
vex sets,anditerative backprojection. Next we cover recentwork
attemptingto determinelimits to supefresolutiontechnigques.Fi-
nally, we concludewith asectionon potentialfutureresearctdirec-
tions.

1.1 A Very Basic Super-Resolution Algorithm

To motivatethe supefresolutionproblemin a moreconcreteman-
ner, supposave have have a camerawith nite resolutionM N,

but we desireanimageof higherresolution2M  2N. Whatcanwe
do? Oneoptionis to buy a new camerabut this could get expen-
sive or might notbepossible Anotheroptionis to take four images



with ourexisting cameragachimageoffsetby half a pixel from the
otherimages(see gure 2). If we now combinethe imageson a
moredensegrid, we have the2M 2N imagewe desire. This of
coursengglectsmary things,mostimportantlythespatialaveraging
thatoccursover eachpixel, butin theorywould work well.

Figure 2: Higher densitysamplingresultingfrom four translated
images Blue squaresorrespondo pixelsfrom the rst image,red
trianglesthe second greencirclesthe third, and purple plusesthe
fourth.

2 The Imaging Processand Motion Mo dels

One of the mostimportantparts of designinga supefresolution
algorithmis choosinga good modelfor the imaging and motion
processUltimately we aretrying to remove variouscameradistor

tions — primarily decimation— from our input images. Therefore,
atthe very least,we needto modelthe decimationprocess.Other
cameradistortionsthat may be modeledarelensand motion blur,

geometriadistortions,andquantizationMany motionmodelshave
beenproposedrangingfrom simple translationaloffsetsto com-
plex non-lineartransformations.In this suney, we usea few dif-

ferentobsenration modelsdependingn the needf the algorithm
beingreviewed.

2.1 Continuous Formation Mo del

Becausdight is continuous, it makessenseo modeltheformation
of imagesn termsof thecontinuousspatialdomain.Thedistortions
arising from the camerasystemcan be approximatedoy a point
spreadfunction (implying a linear, spaceinvariantprocessywhich
is corvolved with theimageformedby anidealpinholecamera A
formulationof the imageformationequationundertheseassump-
tionsis,
z

(M) = (fc PSRY(M) = fk(YPS(x  m)dx 1)

2Quantizatiorof enegy andparticlenatureof light aside.

Symbol | De nition

f(X) kth continuougmageformedby idealpinholecamera
yi(m) kth obsered (low-resolution)image

a(p) Supetresolutionimage(whatwe wantto recover)
92 Continuousmagecorrespondingo g(p)

rk(x) Mapskth imagecoordinateso SRimagecoordinates
PS(x) | Point-spreadunction

K Numberof obseredimages

MN Numberof pixelsin theobsered LR images

PQ Numberof pixelsin the SRimage

L Magni cation factor

Tablel: Commonsymbols.

where fi(x) is the kth ideal image, yx(m) is the obsered (low-
resolution)image, PSF(x) is the point spreadfunction, x 2 R2
representseal-aluedcoordinate®n theimageplane,andm2 z2
representpixel coordinateson the image planefor the obsered
images.

Now supposewne want to recover a high-resolutionimage, g(p),
correspondindo someidealimageg(z). Also considera registra-
tion functionry(x) that mapscoordinatef g(z) onto the coordi-
nateframeof the kth image.Thenwe canrewrite equationl as,

z

() = ar

(P2 m) = dz ()

z

wherez denotesoordinate®f the supefresolutionimagewe wish

torecoverand %%k is thedeterminanbf the Jacobiarof r.

To preventconfusion notethatwe areusingalittle notationalfree-
domwith the coordinatef g. Wherever g(p) is usedwe arere-

ferring to the pixel coordinatesf g (p 2 Z2) andwherever g(2) is
usedwe arereferringto therealcoordinate®f g (z2 R?).

Onefurthersimpli cation canbemadeto equation?; if we assume
the registrationis correctfor all images,then fi(rk(2) = g(2) for
all k. We cannow state,

Z
W= gAPF(n() m TE oz @

2.2 Discretization and Noise

The next stepis to discretizeequation3. We do this by replacing
thecontinuoudmageg(2) with the pixelizedversion,g(p),

z
WM & op)  PF(n m TX oz @
p p

wheretheintegrationis performedover eachpixel p in g. Thiscan
be expressednorecompactlyas,

yk(m) ' & Wk(m; p) g(p) where (5)
p
N z drg
W(mp) = PS(r(d m ¥ dz ©®)
p

We canfurthersimplify the systemusingmatrix notation,

Yie = Wkg: )



W, is sometimeseferredio asthewarpmatrix andprovidesamap-
ping from the high-resolutionmageto the kth low-resolutionim-
age.

Additive noise, h, is alsoeasilyaddedto the systemof equations,
yielding

wi(m) ' & W(mp) g(p)+ h(m); and (8)
p
Yo = Wka+ hy 9

2.3 The Point Spread Function

The pointspreadunctionPS(x) canbedecomposeds

PS(¥) = (W a)(X) (10)

wherewy(x) accountsfor optical blurring and ax(x) accountsfor
the spatialintegrationover eachpixel. wy is usuallyfurtherdecom-
posed but we omit the detailshere. Onecommonform for ay is a
box function,

_ & ifjx S=2andjyj S=2
() = 56 otherwise (1)
whereSis thelengthof asideof thebox. It maybehelpfulto think
of this as a squareshapedphoto-receptothat sumsall the light
arriving at its surface. Othercommonmaodelsfor ax areimpulse
and Gaussiarfunctions, althoughtheseare not realistic for CCD
sensor@&ndareusedprimarily for mathematicatonvenience.

2.4 Registration

Registration, ry, is often assumedo be known a priori in the
superresolutionliterature. Becauseregistrationis sucha heavily
researchetbpic, it is beyondthe scopeof this surwey to coverit in
full detail. However, it shouldbenotedthatequation® and3 male
theimplicit assumptiorthatry is invertible. Unfortunately this is
not a reasonablessumptiorfor generalcameramotions (due to
thingslike occlusion failure of theconstanbrightnessassumption,
etc). While this canbe overcometo somedegreeby considering
theregistrationfunctionsto belocally invertible,it generallymeans
thatsuperresolutionalgorithmswork bestwith inputimagestaken
from aboutthe samepose.

3 Frequency Domain Approaches

The supefresolutionproblemwas posed,along with a frequeny

domainsolution,by TsaiandHuang[TsaiandHuang1984]. Prior

to their paper interpolationwas the besttechniquefor increasing
the resolutionof images. Tsai and Huangshaved that with mul-

tiple offsetimagesof the samescene— and properregistration—

restoratiorbetterthancubicsplineinterpolationcouldbeachiered.

Their motivation wasto improve spatialresolutionof satelliteim-

agesof earth,wherea large setof translatedmagesof the same
sceneareavailable.

3.1 Theory

In one dimension, Tsai and Huangs original formulation of the
superresolutionproblemconsideregacHow-resolutionmage yy,

asadiscretauniformsamplingof someunknavn continuousmage,
a(x), offsetby someamountd. If we denotethe samplespacing
by T, thenpixel i in the kth low resolutionimagecanbe written in
termsof theoriginalimageas

Yii = 9T + d) (12

wherek 2 f1;:::;;Kg andi 2 f 1;:::; Pg; K andP beingthe number
of imagesandnumberof pixels perimagerespectielys.

Now de ne yk(X) = g(x+ di). Using the shifting propertyof the
continuougrouriertransform(CFT), we have

Ye(w) = e%WG(w); (13)

whereYy(w) andG(w) arethe CFT of y,(X) andg(x) respectiely.
Letting Yy, bethediscreteFouriertransform(DFT) at discretefre-
queng n of thekth frame f,;, by de nition of the DFT we have

N1 iopin
Yin= & yke 1PN,n= 05N L (14)
i=0

Fromthealiasingrelationshipbetweerthe DFT andCFT we have

1 ¢ n
Yin= = a Ykl + mug); (15)
TSy ONT

wherews is the samplingfrequeng of eachimage. If we assume
the original imageis band-limited,thenG(w) = 0 for jwj Lws
for somelL andwe canwrite a matrix equationfor eachdiscrete
frequeng n,

Qn = fnGn; (16)

whereQy 2 CK 1 with kth elementY,,; G, 2 C2- 1 with ith el-
ementG(gr+ (i L 1we); fn 2 CX 2 with (k; j)th element

T lexp j2pck 1 f5+ () L Dws

When d is known, equationl16 is independentor differentn and
canbesolvedseparatelyor the unknavn columnvectorGp, which
containsthe CFT of g(x) at 2L equidistanffrequeng pointswith

spacingws. After this is donefor eachn we have an estimateof
G(w) atLN frequeng pointsrangingfrom ( Lws) to (Lws N—lT)

with spacingN—lT. From this we canestimateg(x) at a resolution
increasedy afactorof 2L.

As stated,we aresolvinga K 2L matrix equationfor eachfre-
quengy componentBy taking advantageof the structureof f,, we
canvastly reducethe compleity of the problemaswell asprove
somenice propertiesof the system. First notethat f, canbe de-
composeds

fn = DnH, (17)
whereDy, is adiagonalmatrix with kth diagonalelement
L n n o)
T “exp j2pdk 1 NT Lws (18)

and[H]i; = expf j2pdi(j 1)wsg. Usingequationl6 we canwrite

D, 1Qn= HG, (19)

whereD,, 1is adiagonalmatrix with kth diagonalelement

n (o]

. n
Texp  j2pdk 1 NT Lws (20)

3Thederiationsin this sectionaretakenfrom [TsaiandHuang1984].



Turningour attentionto matrix H, if we letW, = el2P4 1Y thenH
is aVandamondenatrix of theform,

0 1
0 1 2 2L 1
oW W e
% WZ WZ WZ WZ § (2 1)
' ’ ’ zi_ 1
we W w2 W2

which meansthe rows of H arelinearly independenso long as
the offsetsin eachimagesatisfy df 6 d; + mT, wherei 6 j and
mis ary integer. If this holdsandK 2L, thensolvingfor Gy is
well-posed. Anotherbene t of this decompositioris to note that
H is independentf n, meaningts pseudo-imerseonly needso be
computednce.

So far we have only beenconsideringthe one dimensionalcase.
If we extendthe analysisto two dimensionsthe resultsarealmost
identical.Usingthe2D Fouriertransformsnsteadf the 1D Fourier
transformswe arrive ata systemanalogougo equationl6,

Qmn= fmnG™ (22)
We canalsodo a similar decompositiorof f mp,
fmn= DmnH (23)
sothat
DiniQmn= HGmp: (24)

LikethelD caseH isindependentf mandn soit' spseudo-ikerse
only needgo becomputedncefor all frequenciesnandn. Unlike

the 1D case however, well-posednesis no longerguaranteedven

if noimagecoincideswith another The chanceof this happening
is low, sothetechniquestill generallyworkswell.

4 Spatial Domain Approaches

Approachinghesuperfresolutionproblemin thefrequeng domain
malesalot of sensédecausd is relatively simpleandcomputation-
ally efcient. However, therearesomeproblemswith a frequeng

domainformulation. For one, it restrictstheinter-framemotionto

be translationabecausehe DFT assumesiniformly spacedsam-
ples. Anotherdisadwantageis that prior knawledgethat might be

usedto constrainor regularizethe supefresolutionproblemis of-

tendif cult to expressin the frequeng domain. Sincethe supef

resolutionproblemis fundamentallyill-posed, incorporationof

prior knowledgeis essentiato achieve goodresults.

A varietyof techniquegxist for thesupetresolutionproblemin the
spatialdomain.Thesesolutionsincludeinterpolation deterministic
regularizedtechniquesstochastionethods,iterative back projec-
tion, and projectiononto corvex setsamongothers. The primary
adwantagedso working in the spatial domainare supportfor un-
constrainednotionbetweerframesandeaseof incorporatingprior
knowledgeinto the solution®

4At somemagni®cation the obserationsalonefail to containenough
informationto supporta uniquesupefresolutionimage.

5Thefollowing sectionsareprimarily adaptedrom the following three
papers: [Park et al. 2003; Bormanand Stevenson1998; Elad and Feuer
1997].

4.1 Non-Uniform Interp olation

Perhapghe mostnaive methodfor performingsupetresolutionis
to mappixelsfrom thelow-resolutionimagesontoacommonplane
(accordingo themotionmodelfor eachimage)andtheninterpolate
overamore nely sampledyrid to obtainahigherresolutionmage.
Unfortunately this techniquegenerallyworks very poorly because
of someinherentassumptionsthe main problembeingthat cam-
erasensorgdo not act asimpulsefunctions, but insteadspatially
averagethe incidentlight acrosseachpixel. Figure 3c highlights
the lack of high frequeng recovery using this technique. Notice
thatnon-uniforminterpolationlooksonly mawmginally betterthanbi-
linear interpolation. Application of a deblurringkernel, however,
yieldsnicelookingresults.

Figure3: Resultsof non-uniforminterpolation.(a) Nearesneigh-
bor interpolation(over a singleimage). (b) bi-linear interpolation
(over a single image). (c) non-uniforminterpolation(over four
translatednputimages).(d) applicationof a deblurringalgorithm
to (c). (Figuretakenfrom [Park etal. 2003])

4.2 Deterministic Regularization

Whenpresenteavith anill-posedproblemit becomesiecessaryo
imposeprior knovledgeon the solutionspacein orderto obtaina
uniquesolution.Mary standardechniquesxist for doingthis, but
perhapshemostcommonapproachs to imposeasmoothnesprior
via Tikhonov regularizationon top of a least-squaregptimization
function[Park et al. 2003]. Recall our image formation equation
(equatior),

Y = Wkg+ hy: (25)

Assumingthe matrix W, canbe estimatedor eachinputimageyy,
we canestimatethe high-resolutionmageg(p) by minimizing the



following objectie function,

K
a livk Wkgii®+ ! jiCgjj*: (26)
k=1
Here,C 2 RPQ PQ encodemur prior knowledgeof whatthe high-
resolutionimageshouldlook like. The mostcommonchoicesfor
C encouragesmoothsolutionsby penalizinghigh frequeng spatial
variationsin g. | controlshow muchweightis given to the reg-
ularizationconstraint;large valuesof | will resultin overly con-
strainedsolutionsthatmay not re ect the data,while smallvalues
couldresultin noisy solutionsdependingon the characteristicef
thesamplingnoise,h.

The presenceof the regularizationterm guarantees corvex and
differentiableoptimizationfunctionsolongasC is invertible. Thus,
a uniqueoptimal value of g canbe computedusing a numberof
standardnethoddik e gradientdescent.

Figure4 shaws resultsof the deterministiaregularizationtechnique
with asmoothnesgrior. Notethelargeeffectof I ontheresulting
imagesandhow it comparedo a stochastidbasedapproachcov-

eredin thenext section).Theresultsarecertainlyanimprovement
over the low-resolutionimage,but enforcingsmoothnesss not al-

waysthe bestoption, especiallyif otherpriors canbe formulated
that presere high-frequeng detailsbetter(suchasthe edgepre-

servingpriorin gure 4d).

To give more insight on the regularizationmatrix C, we derive a
matrix thatcanbe usedto enforcesmoothnessA typical measure
of smoothnests the discrete2D Laplacian,

1
0 1 o0
Q=@ 1 -4 1A (27)
0 1 o0
which approximatesg—zxg + ’{%yf We wantto apply Q to eachpixel

in g. Sincetheimageg hasbeenmappedo a MN 1 vector we

simply needto make sureQ is mappedontotherows of C appropri-
ately Namely the maindiagonalof C shouldbe 4 andtherows

correspondindo the pixels adjacento the pixel correspondindo

the given row shouldbe 1; all otherentrieswill be 0. The same
methodologycanbe usedto apply otherconstraintson a perpixel

basis.

Theabove deterministicregularizationapproackcanbe furtheren-
hancedusing multichanneltheory[Honget al. 1997b;Hong et al.
1997a;Kang 1998], which essentiallyenablesonstraintdbetween
imagesto be expressed.This is usuallyaccomplishedy concate-
natingtheinputimagesinto onelongvectorandusingalargerwarp
matrixW thatcontaingcrossmageterms.Somework hasalsobeen
doneon estimatingoptimalregularizationparameters¢ by analyz-
ing theL-curve[HanserandO'Leary 1993].

4.3 Stochastic Reconstruction Metho ds

While deterministicregularizationenableshe useof prior knowl-

edgeto constrainthe solution, it doessoin a somevhat awkward
way, by tackingon a regularizationtermto the optimizationfunc-
tion. Anotherapproachto the sameproblemis to use statistical
techniqueghat explicitly handleprior information and noise. If

certainconditionsaremet, the two formulationsyield the sameop-
timizationfunctions;however, inclusionof prior knowledgeis usu-
ally morenaturalusinga stochasti@pproach.

The mostcommonstatisticalapproachfor supesresolutionis the
Bayesianformulation. This encompassemaximum likelihood

Figure 4: The effects of regularizationon supefresolution. (a)
Nearestneighborinterpolation (over a single image). (b) Least
squaregstimatavith smalll . (c) Leastsquaregstimatewith large
I . (d) Maximum a posterioritechniquewith an edge-preserving
prior. (Figuretakenfrom [Park etal. 2003])

(ML) andmaximuma-posterioriMAP) techniquesWe startwith
thestandardbsenation equation,

Yi = Wkg+ hy (28)

wherethe obsered datayy, noiseh\, andsupefresolutionimage
g areassumedo be stochasticand the warp matrix W is known.
Correspondindo the noiseh, is its autocorrelatiormatrix S. If
we lack prior knowledge, we cansetS§, 1 to the identity matrix,
which correspondso white noise.Likewise,we de ne Q to bethe
autocorrelatioimatrix of g.

The maximum a-posterioriapproach,introducedby Schultzand
Stevenson[Schultand Stevenson1996]to the supefresolutionlit-
eraturefriesto nd the SRimageg thatmaximizesthe probability
of the SRimagegiventhe obseredimagesPrf gjf ykgE: 10 ie,
h i
guap = ammaxg Prfgifyol ;g (29)

Applying Bayesrule andtakingthe logarithmof theresult,we ob-
tain
h i
agmaxg Prf Vgl 1i99 Prfgg (30)
i
agmaxg log(Prff y ol 1jgg) + log(Prf gg) (31)

Ivar

Ivar

where log(Prff ykgE: 1J99) is the log-likelihood function, and
Prf gg is thea priori densityof g.

If we assumethe noise and SR image correspondo zero mean
Gaussiaradditive randomprocessesvith autocorrelatiormatrices



SandQ, thenit canbe shavn thatthe MAP estimationis
h i
guap = algmaxg (Y Wg)'s }(Y Wg)+g'Q 'g; (32

wherewe have combinedthe K imagesinto a singlelinear system
for notationalconvenience Minimizationyields

g= W's 'w+Q 1) w's 1y: (33)

This is exactly equivalent to the minimum mean squarederror
(MMSE) solution.

Freemaret al.[Freemaret al. 2000; Freemaret al. 2002] employ
more powerful priors using Markov random elds (MRFs). The
basicideais to divide the obsered imagesandthe scene(ie, the
SRimage)into patchesassigningonenodeof a Markov network to
eachpatch.Eachscengatchis thenconnectedo its corresponding
imagepatchandto its spatiallyadjacenneighborqsee gure 5).

Figure5: MRF network usedby Freemaretal.

In this model,Pr(g) is de ned as

( )

1 1 o
Pr(g) = expf U(g)g= 5ep & fclg) (34)
c2C

whereZ is a normalizingconstantU(g) is an“enegy” function,
fc(g) is a potentialfunction that dependon pixel valueswithin a
clique (akapatch)c, andC is thesetof cliques.

Freemaretal. trainthe network on a setof real-world photographs
and achieve fairly good results(see gures 6 and 7). It should
be notedthat their paperonly considersa single obsered image
andthereforeshouldbe consideredinimage restoation algorithm
ratherthana supetresolutionalgorithm.However, it highlightsthe
power of usingamore e xible prior modelcombinedwith a learn-
ing framevork.

A similar patchbasedechniquaecentlydevelopedin thecomputer
vision community is the epitome[N. Jojic and A.Kannan 2003;
Cheungetal. 2005]. Themostrecentwork enablesupefresolution
in videosusing priors learnedfrom previous framesin the scene.
The resultsrelatedto superresolutionlook good, but are applied
to somevhat benignscenesso it remainsto be seenwhetherthe
techniqueruly workswell or notfor supefresolution.

Capeland Zisserman[Capeand Zissermar2001] employ a “face
space”prior learnedfrom imagesof humanfaces.Figure8 shavs

Figure6: A restoredimageof atiger from Freemanret al. (Top)
Obsenredlow-resolutionimage.(Bottom) Restoredmage.

the effect of changingthe weight on their prior term. Baker and
Kanade[Bakr andKanade2002] alsolearnpriors from imagesof
humanfaces,but insteadof learningentire faces,they learna set
of typical facepatches. The prior term thenindicateshow close
theimagesareto beingformedfrom a setof patches.Resultsare
shavnin gure 9.

While papersthat uselearnedconstraintsclaim to be lessad-hoc
thanalgorithmsthatuse“arti cial” constraintdik e smoothnesghis

is completelydependenon thetraining data. Therecouldbe unin-

tendedandsubtle,consequence® usingtrainingsetsthatarenot

well thoughtout. The mainissueis that the training setsneedto

re ect the statisticsof the imagesbeingrestoredwithout introduc-
ing bias;however, it is no simpletaskto evaluatewhetheror not a

giventraining setsatis esthis criterion. Sincemostlearningbased
approacheasesomavhatad-hoctrainingsetsit is dif cult to eval-

uatethealgorithmsandalsoto comparedifferentalgorithmsto one
another

4.4 Other Restoration Techniques
4.4.1 Projection Onto Convex Sets

Anothermethodfor reducingthe spaceof possiblereconstructions
is projectionontoconvex sets(POCS)[Youlal1978;EladandFeuer
1997]. Thisis a set-theoreti@approactwhereeachpieceof a priori
knowledgeis formulatedas a constrainingcorvex set. Oncethe
groupof convex setsis formed,aniterative algorithmis employed
to recover apointontheintersectiorof the corvex sets,

g+1=PvuPv 1 PPifgg (3%)



(@) (b)

(© (d)

Figure 7: A restoredimage of a boy from Freemanet al. (a)
Obsered low-resolutionimage. (b) Bi-cubic interpolation. (c)
Methodof Freemaretal. (d) Actual high-resimage.

whereP; is the projectionof a given point ontothe jth corvex set
andM is the numberof corvex sets.In essenceywe arerestricting
the nal restoredmageto lie ontheintersectiorof theconstraining
sets,f P g’}":l. The reasonwe requirecorvex setsis that corver-

genceis guaranteedor the casewhereeachsetis convex.

Onepotentialgroupof corvex setsis basednthel, distancemea-
sure,

n (0]
G= g jiWg wi® 1:1 k K (36)

This de nes a setof ellipsoids(onefor eachinputimage)andre-
strictsthe nal solutionto lie inside the ellipsoids. Other possi-
ble convex setsincludeonesbasednthely norm,thoseimposing
smoothnessandthoseconstraininghe imageintensityto be posi-
tive. Two problemswith the POCSapproacharethatuniquenesss
not guaranteedor the nal recoveredimageandthatde ning the
projectionsP; canbedif cult.

4.4.2 lterative Back Projection

Irani and Pelgg[Irani and Pelay 1991] proposeda supefresolution
algorithm basedon iterative back projection(IBP). The key idea
is that the error betweenthe obsered low-resolutionimagesand
the correspondindow-resolutionimagesformedusinganestimate
of the SRimagecanbe usedto iteratively re ne the estimatedSR
image.The updateequationis

™1(p) = g"(P)+ A (y(m) ~(m))ﬁ (37
g “(p)=9g(p % Yk Yk Cénphﬁ’gp

whereg" is the estimateof the SRimageat the nth iteration, yy is
the kth low-resolutionimage,J is the kth low-resolutionimageas
approximatedrom g", andhBF is a backprojectionkernel. While

Figure 8: Face spaceMAP reconstructionresultswith varying
weightonthepriorterm.As | increasesheimagemovescloserto
theaverageface.(Figurefrom [CapelandZissermar2001])

iterative backprojectionis relatively easyto understandthemethod
doesnot directly addresghe ill-conditioning of the problemand
incorporationof a priori constraintss dif cult.

5 Limits on Super-Resolution

Recentlytherehasbeengrowing interestin determiningwhat the
limits of superresolutionalgorithmsare. The mostprominentwork
in this directionis that of Baker and Kanade[Bakr and Kanade
2002]. Anotheranalysiswaslaterdoneby Lin and Shum[Linand
Shum2004],following up ontheresultsof BakerandKanade Both
analysesddress somavhat simpli ed, but well justi ed, form of
the supesresolutionproblem.

5.1 Baker and Kanade

BakerandKanadederive threeresultsthateachshaw thatthesuper

resolutionproblembecomesnuchmoredif cult asthemagni ca-

tion factorincreases.The rst is thatfor certainclassef point
spreadfunctions, the reconstructionconstraintsare not invertible
andthenull spaceof thelinearsystemgrows quadraticallywith the
magni cationterm. Secondthey shawv thatfor othermoregeneral
classef point spreadfunction, the conditionnumbergrows at or

greaterthanquadratic.Thethird resultis thatthe solutionspacefor

potentialreconstructiongrows “extremelyfast” with increasesn

magni cation factor— meaningregularizationtermswill dominate
the solutionat somepoint.

The following assumptionsare made throughout Baker and
Kanades analysis,

The point spreadunctiontakestheform,

PSF(X) = (Wx a)(X) where (38)
- g ifjx S2andjyj S=2
() 0 otherwise (39)

with the width of the photoreceptofs the samefor all input
images.



The optical blur portion of the PSF wy(2), is a Dirac delta
function, d(2), implying no optical blurring (this is later re-
laxed).

Theregistrationfunctionry(z) correspondso globaltransla-
tion. Thus,registrationtakestheform

r«(2 = %z+ Cx (40)

whereL is the magni cationfactorandcy 2 R? is a constant
(althoughdifferentfor eachimage).

The performancef ary resultingsupefresolutionalgorithmbased
on theseassumptionsvill dependon the numberof inputimages
K andthevaluesof thelocal translations. The analysisassumes
the bestpossiblescenariowherethereis an arbitrary numberof
inputimagesandtheregistrationis perfectlyestimated.Thus,ary
derivedupperboundswill befor bestcasescenarios.

5.1.1 Invertibilit y for Square Point Spread Functions

If we usea squarepoint spreadfunction PS(2) = ax(2) andthe
registrationis a translation,we can simplify the imageformation
equation(eqn5) to,

Y(m = §W(mp) g(p) (41)
p
W(m;p) = iz 1z+(: m dz (42)
qY 2 pak L k

wheretheintegrationis overthepixel p. Usingourearlierassumed
form for ay, we canfurthersimplify W (m; p) to

W (m; p) = (43)

1
(RCe
whereAistheareaof intersectiorbetweerSRpixel p andthetrans-
latedlow-resolutionpixel m (see gure 10. Withoutlossof general-
ity, we canassumeachpixel in the SRimageoccupiesanareaof 1
(whichimplieseachLR imagepixel occupiesanareaof (LS)2). If
LSis anintegerlargerthanl, thenequatior41 is notinvertible for
ary setof translationsf ckgl'f: , andthe smallestdimensionof the

null-spaces (LS 1)2. If LSis notaninteger; thensomef c,gk- ;
will enableinversionof equatiord1.

Figure10: Theareaof intersectiorbetweenSRimagepixel p and
translatedow-resolutionpixel m. (Figurefrom [Baker andKanade
2002])

We omit the proof, but it is somevhat intuitive thatif the size of

eachobsered pixel is aninteger multiple of the sizeof an SRim-

agepixel thenthe resultingconstraintswill have lessvariety than
if thiswerenotso. Figurell comparesnagni cationsof LS= 1.5

andLS= 2:0. With a magni cation of 2:0 andno regularization,
theproblemis ill-conditionedascanbe seenby the high-frequeng

artifactsin the reconstructionwhereashe magni cation of 1.5 is

invertible without regularization. Note the resultsagreewith the
theory This resultis importantbecauset provesthat thereexist

non-irvertible scenariogegardlessof the numberof inputimages
usingfairly standarcassumptionsegardingthe PSFandregistra-
tion.

Figure11: (a) Superfresolutionwith LS= 2:0, no regularization.
(b) Supefresolutionwith LS= 1.5, no regularization. (c) Super
resolutionwith LS= 2:0, with regularization.(Figurefrom [Baker
andKanade2002])

5.1.2 Conditioning for Arbitrary Point Spread Functions

The next resultshavn by Baker and Kanadeis that the condition
numberfor thelinear systemin equations grows atleastasfastas
(LS)2 for ary opticalblur wy. Thiscanbeprovedby emplging the
propertyof singularvaluesof matrix A thatfor ary vectorx,

A2 44)
iixj2

wheres; is thelargestsingularvalue, sy is thelargestandjj jj2is
theL2 norm. SinceCond(A) = £ % for ary x andy, we
canboundthe conditionnumberby nding appropriatex andy. If
we choosex to bethe SRimageof all onesandy to bea checler
boardpatternanduseP 3 = &, it follows thatthe corresponding
low-resolutionimagesare y,(m) = 1 andjy(m)j ﬁ respec-
tively, for all m. This implies a conditionnumbergreaterthanor
equalto (LS)2. For the extensionto arbitrary PSFsthe readeris
directedto the original paperfor the proof.

5.1.3 Volume of Solutions for Arbitrary Point Spread
Functions

Thethird majorresultstateghatin thepresencef quantizationthe
volumeof thesetof solutionsgrows asymptoticallyasjLS2" where
L is themagni cationfactor Sis thewidth of the photoreceptofor

a single pixel, andn is the numberof pixelsin the SR imagewe
aretrying to recover. Thisis probablythe mostrelevantresultasit

shavsthatthenumberof possiblesolutionsgrowns veryrapidly with

the magni cation factor For standardsuperresolutionalgorithms
incorporatinga smoothnesgrior, this meangshatat somepointthe
numberof potential smoothsolutionsgrows so high that the al-

gorithm no longerworks well. Figure 12 shavs supefresolution
resultsfor increasingmagni cation factor



5.2 Lin and Shum

While Baker and Kanade shav asymptotic trends in super

resolutionalgorithmsbasedon the magni cation factorandwidth

of the photoreceptofor eachpixel, they don't shav limits on the
magni cation L, the numberof inputimagesneededo obtainac-
ceptableresults,or at what point additionalimagesfail to provide

new information. Lin and Shum[Lin and Shum2004] extendthe
resultsof Baker and Kanadeby analyzingtheseproblems.Basing
theiranalysison perturbatiortheoryof linearsystemsthey derive a
practicallimit of 1.6X magni cationin the presencef registration
andimagenoiseanda theoreticallimit of 5.7X for perfectregis-

tration. Further they shav a sharpcutof in reconstructiorperfor

manceoncea certainsetof low-resolutionpixels have beencap-
turedandalsoshaw limits on the numberof low-resolutionimages
neededo form suchaset.

6 Future Reseach Directions

While the supefresolutionproblemhasbeenheaily studied,two
recentirendshave emepgedthatseenripe for furtheradvancement.
The rst trendis thatof analyzinghelimitationsof supesresolution
algorithms. The work of Baker and Kanadeandthat of Lin and
Shumare fairly completefor the caseof translatednput images
with standardeconstructiorbasecblgorithm§. However, it would
be interestingto examine the effects of non-translationamotion
andfurtherexplorethe effectsof registrationerrorandotherforms
of noise. Anotherthing that shouldbe more carefully researched
are the effects of quantization. Speci cally, it would be goodto
have an analysisof how increasedjuantizationgranularityaffects
conditioningof theimageformationequation.

The secondtrendin superresolutionis the use of learnedpriors
to constrainthe solution space. While much researchhasbeen
focusedin this directionrecently thereis certainly still room for
improvement. The primary issueshereare nding good models
for representin@ priori informationand nding ef cient learning
techniquedor thesemodels.Themodelingandlearningaspectgo
handin handbecausesmodel e xibility increasesthe ability to
effectively learnparametersf themodeldecreases.

In additionto thesetwo trends,we have identi ed somenew direc-
tionsfor futureresearchThe rst asksthequestiorfCanwe design
camerasensorshatareoptimal for supefresolutionalgorithms?”.
CurrentCCDs act like box functions, spatially integrating over a
uniform rectangularregion for eachpixel. It is likely that other
typesof sampling,such as integration over a Gaussiarfunction,
would yield betterresults.

Anotherdirectionis to combinesupetresolutionwith densestereo
reconstruction. Densestereoreconstructiors the processof es-
timating the depthof every point in the scenefrom two or more
input imagestaken from differentposes. Currenttechniquegyp-
ically estimatedepthsfor every pixel in one of the images,but it
shouldbe possibleto obtain depthson a ner grid by combining
superresolutiontechniquesvith densestereo.

A third potentialproblemis to combinehigh dynamicrangeimag-
ing with supefresolution. High dynamicrangeimaginginvolves

SReconstructioasedalgorithmsarethosethatuseanimageformation
modelto relatethehigh-resolutioimageto low-resolutioninputs.Inversion
of theformationmodelthenis the crux of suchalgorithms.

“Obwiously, the mostideal samplingfunction from a theoreticalstand-
point is animpulsefunction, but this is not feasible;also, the smallerthe
areaof integrationonthesensaorthehigherthe signal-to-noiseatiowill be.

taking multiple imagesfrom the sameviewpoint at differentexpo-
suresandthencombiningthe imagesto obtainanimageof higher
dynamicrangé. By taking multiple imagesat differentexposures
andwith slight translationabffsetsit might be possibleto obtaina
superfresoled high dynamicrangeimagemoreefciently thanif
thetwo stagesaredoneindependently

7 Conclusions

We have provided a review of the currentstateof superresolution
researchcovering the past,presentandfuture of the problem. A

standardmageformationmodelwas rst introduced followed by

summarief the major classef algorithmsincluding frequeny

domain approachesgeterministicregularization, stochastictech-
nigues,and projectiononto convex sets. We then coveredrecent
analyse®nthelimits of supefresolutionalgorithmsand nally dis-

cussedotentialfuturedirectionsfor research.
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Figure9: “Hallucination” basedeconstructiomesultsusingthe methodfrom Baker andKanade.Only four low-resolutionimagesvereused
for eachof thereconstructionsNote thatasthe magni cation increasesthe algorithmbegins placingpatchessomevhatrandomly (Figure
from [Baker andKanade2002])

Figurel2: Result§rom areconstruction-basesiperresolutionalgorithmfor increasingnagni cationfactor Noticethatasthemagni cation
increasesthe smoothnessgonstraintis no longer sufcient to recover muchof the detail. This canbe explainedby the large increasein
potentialsolutionsasthe magni cationincreases(Figurefrom [Baker andKanade2002])



