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Abstract

Super-resolutionis theprocessof recoveringa high-resolutionim-
agefrom multiple low-resolutionimagesof the samescene. An
overview of existing super-resolutiontechniquesis provided. This
includesthe formulationof anobservation modelandcoverageof
thedominantalgorithms– frequency domainmethods,determinis-
tic regularization,andstochastictechniques.Also coveredis recent
work on the limits of super-resolutionand a sectionon potential
futuredirectionsfor super-resolutionalgorithms.

1 Intro duction

Super-resolution,looselyspeaking,is the processof recovering a
high-resolutionimagefrom a set of low-resolutioninput images.
Suchalgorithmshave long beenportrayedin movies and televi-
sion; a typical movie sceneshowing a computeroperatorrepeat-
edly zoomin on a person's faceor a licenseplatewherethemiss-
ing high-resolutiondetailmagicallyappearsonthecomputerscreen
aftereachsuccessive zoom(see�gure 1). Clearly this is pure�c-
tion, afterall therearean in�nite numberof higher-resolutionim-
agesthatcouldform theoriginal low-resolutionimage,right?With
a single imageandno a priori knowledge,this is true; however,
higher-resolutioncontentcan be recovered– to a point – if mul-
tiple low-resolutionimagesare available of the samescenefrom
slightly differentposes.A closelyrelatedproblemis thatof image
restoration, which utilizes a priori knowledgeof the sceneto re-
cover missingdetail from a single image1. So, while Hollywood
almostalwaysgreatlyexaggerateswhat canrealisticallybe done,
thereactuallyis somemerit to the“zoom in andenhance”scenario
commonlydepicted.

Applicationsfor super-resolutionabound. NASA hasbeenusing
super-resolutiontechniquesfor yearsto obtainmoredetailedim-
agesof planetsandothercelestialobjects.Closerto home,super-
resolutioncanbeusedto enhancesurveillancevideosto moreaccu-
rately identify objectsin thescene.Oneparticularexampleof this
aresystemscapableof automaticallyreadinglicenseplatenumbers
from severely pixelatedvideo streams.Anotherapplicationis the
conversionof standardNTSC television recordingsto the newer
HDTV formatwhich is of a higherresolution.

A variety of approachesfor solving the super-resolutionproblem
have beenproposed.Initial attemptsworked in the frequency do-
main, typically recovering higher frequency componentsby tak-
ing advantageof theshifting andaliasingpropertiesof theFourier
transform.Deterministicregularizationapproaches,which work in
thespatialdomain,enableeasierinclusionof a priori constraintson
the solutionspace(typically with a smoothnessprior). Stochastic
methodshave received themostattentionlately asthey generalize
thedeterministicregularizationapproachesand enablemorenatu-
ral inclusionof prior knowledge. Otherapproachesincludenon-
uniform interpolation,projectiononto convex sets,iterative back
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1While wefocusonthesuper-resolutionproblemin thispaper, it should

benotedthatmostif notall of thesuper-resolutiontechniqueswereinspired
by or aspartof theimagerestorationliterature.

Figure1: Two framesfrom themovie TheBourneIdentityshowing
theenhancementof a surveillancevideo.

projection,andadaptive �ltering. With the increasedemphasison
stochastictechniqueshasalsocomeincreasedemphasisonlearning
priorsfrom from exampledataratherthanrelying on moreheuris-
tically derivedinformation.

Thefollowing sectionswill hopefullyserve to elucidatethesuper-
resolutionproblem.Westartby introducingamodelfor imagefor-
mation,thencovervariousapproachesto thesuper-resolutionprob-
lem– frequency domaintechniques,non-uniforminterpolation,de-
terministicregularization,stochasticmethods,projectionontocon-
vex sets,anditerative backprojection.Next we cover recentwork
attemptingto determinelimits to super-resolutiontechniques.Fi-
nally, weconcludewith asectiononpotentialfutureresearchdirec-
tions.

1.1 A Very Basic Super-Resolution Algorithm

To motivatethesuper-resolutionproblemin a moreconcreteman-
ner, supposewe have have a camerawith �nite resolutionM � N,
but wedesireanimageof higherresolution2M � 2N. Whatcanwe
do? Oneoption is to buy a new camera,but this couldgetexpen-
siveor mightnotbepossible.Anotheroptionis to take four images



with ourexistingcamera,eachimageoffsetby half apixel from the
other images(see�gure 2). If we now combinethe imageson a
moredensegrid, we have the 2M � 2N imagewe desire. This of
courseneglectsmany things,mostimportantlythespatialaveraging
thatoccursover eachpixel, but in theorywould work well.

Figure2: Higher densitysamplingresultingfrom four translated
images.Blue squarescorrespondto pixelsfrom the�rst image,red
trianglesthesecond,greencirclesthe third, andpurpleplusesthe
fourth.

2 The Imaging Processand Motion Mo dels

One of the most importantpartsof designinga super-resolution
algorithm is choosinga good model for the imaging and motion
process.Ultimately we aretrying to remove variouscameradistor-
tions – primarily decimation– from our input images.Therefore,
at thevery least,we needto modelthedecimationprocess.Other
cameradistortionsthatmay be modeledarelensandmotion blur,
geometricdistortions,andquantization.Many motionmodelshave
beenproposed,rangingfrom simple translationaloffsetsto com-
plex non-lineartransformations.In this survey, we usea few dif-
ferentobservationmodelsdependingon theneedsof thealgorithm
beingreviewed.

2.1 Continuous Formation Mo del

Becauselight is continuous2, it makessenseto modeltheformation
of imagesin termsof thecontinuousspatialdomain.Thedistortions
arising from the camerasystemcan be approximatedby a point
spreadfunction (implying a linear, spaceinvariantprocess)which
is convolvedwith theimageformedby anidealpinholecamera.A
formulationof the imageformationequationundertheseassump-
tionsis,

yk(m) = ( fk � PSFk)(m) =
Z

fk(x)PSFk(x� m)dx (1)

2Quantizationof energy andparticlenatureof light aside.

Symbol De�nition
fk(x) kth continuousimageformedby idealpinholecamera
yk(m) kth observed(low-resolution)image
g(p) Super-resolutionimage(whatwewantto recover)
g(z) Continuousimagecorrespondingto g(p)
rk(x) Mapskth imagecoordinatesto SRimagecoordinates
PSFk(x) Point-spreadfunction
K Numberof observedimages
MN Numberof pixelsin theobservedLR images
PQ Numberof pixelsin theSRimage
L Magni�cation factor

Table1: Commonsymbols.

where fk(x) is the kth ideal image,yk(m) is the observed (low-
resolution)image, PSFk(x) is the point spreadfunction, x 2 R2

representsreal-valuedcoordinateson theimageplane,andm2 Z2

representspixel coordinateson the imageplanefor the observed
images.

Now supposewe want to recover a high-resolutionimage,g(p),
correspondingto someideal imageg(z). Also considera registra-
tion function rk(x) that mapscoordinatesof g(z) onto the coordi-
nateframeof thekth image.Thenwecanrewrite equation1 as,

yk(m) =
Z

fk(rk(z))PSFk(rk(z) � m)

�
�
�
�
drk

dz

�
�
�
� dz (2)

wherezdenotescoordinatesof thesuper-resolutionimagewe wish

to recover and
�
�
� drk

dz

�
�
� is thedeterminantof theJacobianof rk.

To preventconfusion,notethatweareusinga little notationalfree-
dom with the coordinatesof g. Wherever g(p) is usedwe arere-
ferring to thepixel coordinatesof g (p 2 Z2) andwherever g(z) is
used,we arereferringto therealcoordinatesof g (z2 R2).

Onefurthersimpli�cation canbemadeto equation2; if weassume
the registrationis correctfor all images,then fk(rk(z)) = g(z) for
all k. We cannow state,

yk(m) =
Z

g(z)PSFk(rk(z) � m)

�
�
�
�
drk

dz

�
�
�
� dz: (3)

2.2 Discretization and Noise

Thenext stepis to discretizeequation3. We do this by replacing
thecontinuousimageg(z) with thepixelizedversion,g(p),

yk(m) ' å
p

�
g(p) �

Z

p
PSFk(rk(z) � m)

�
�
�
�
drk

dz

�
�
�
� dz

�
(4)

wheretheintegrationis performedover eachpixel p in g. This can
beexpressedmorecompactlyas,

yk(m) ' å
p

Wk(m; p) � g(p) where (5)

Wk(m; p) =
Z

p
PSFk(rk(z) � m)

�
�
�
�
drk

dz

�
�
�
� dz: (6)

Wecanfurthersimplify thesystemusingmatrix notation,

yk = Wkg: (7)



Wk is sometimesreferredto asthewarpmatrixandprovidesamap-
ping from the high-resolutionimageto the kth low-resolutionim-
age.

Additive noise,h , is alsoeasilyaddedto thesystemof equations,
yielding

yk(m) ' å
p

Wk(m; p) � g(p) + hk(m); and (8)

yk = Wkg+ h k: (9)

2.3 The Point Spread Function

Thepoint spreadfunctionPSFk(x) canbedecomposedas

PSFk(x) = (wk � ak)(x) (10)

wherewk(x) accountsfor optical blurring andak(x) accountsfor
thespatialintegrationover eachpixel. wk is usuallyfurtherdecom-
posed,but we omit thedetailshere.Onecommonform for ak is a
box function,

ak(x) =
�

1
S2 if jxj � S=2 andjyj � S=2
0 otherwise

�
(11)

whereSis thelengthof asideof thebox. It maybehelpful to think
of this as a squareshapedphoto-receptorthat sumsall the light
arriving at its surface. Othercommonmodelsfor ak are impulse
andGaussianfunctions,althoughthesearenot realistic for CCD
sensorsandareusedprimarily for mathematicalconvenience.

2.4 Registration

Registration, rk, is often assumedto be known a priori in the
super-resolutionliterature. Becauseregistrationis sucha heavily
researchedtopic, it is beyondthescopeof this survey to cover it in
full detail.However, it shouldbenotedthatequations2 and3 make
the implicit assumptionthat rk is invertible. Unfortunately, this is
not a reasonableassumptionfor generalcameramotions(due to
thingslikeocclusion,failureof theconstantbrightnessassumption,
etc). While this canbe overcometo somedegreeby considering
theregistrationfunctionsto belocally invertible,it generallymeans
thatsuper-resolutionalgorithmswork bestwith input imagestaken
from aboutthesamepose.

3 Frequency Domain Approaches

The super-resolutionproblemwasposed,alongwith a frequency
domainsolution,by TsaiandHuang[TsaiandHuang1984]. Prior
to their paper, interpolationwasthe besttechniquefor increasing
the resolutionof images. Tsai andHuangshowed that with mul-
tiple offset imagesof the samescene– andproperregistration–
restorationbetterthancubicsplineinterpolationcouldbeachieved.
Their motivation wasto improve spatialresolutionof satelliteim-
agesof earth,wherea large setof translatedimagesof the same
sceneareavailable.

3.1 Theory

In one dimension,Tsai and Huang's original formulation of the
super-resolutionproblemconsideredeachlow-resolutionimage,yk,

asadiscreteuniformsamplingof someunknown continuousimage,
g(x), offset by someamountdk. If we denotethe samplespacing
by T, thenpixel i in thekth low resolutionimagecanbewritten in
termsof theoriginal imageas

yki = g(iT + dk) (12)

wherek 2 f 1; :::;Kg andi 2 f 1; :::;Pg; K andP beingthenumber
of imagesandnumberof pixelsperimagerespectively3.

Now de�ne yk(x) = g(x+ dk). Using the shifting propertyof the
continuousFouriertransform(CFT),we have

Yk(w) = ejdkwG(w); (13)

whereYk(w) andG(w) aretheCFT of yk(x) andg(x) respectively.
LettingYkn bethediscreteFouriertransform(DFT) at discretefre-
quency n of thekth frame fki , by de�nition of theDFT wehave

Ykn =
N� 1

å
i= 0

ykie
� j2p in

N , n = 0; :::;N � 1: (14)

FromthealiasingrelationshipbetweentheDFT andCFT wehave

Ykn =
1
T

¥

å
m= � ¥

Yk(
n

NT
+ mws); (15)

wherews is thesamplingfrequency of eachimage. If we assume
the original imageis band-limited,thenG(w) = 0 for jwj � Lws
for someL andwe can write a matrix equationfor eachdiscrete
frequency n,

Qn = f nGn; (16)

whereQn 2 CK� 1 with kth elementYkn; Gn 2 C2L� 1 with ith el-
ementG( n

NT + (i � L � 1)ws); f n 2 CK� 2L with (k; j)th element
T � 1exp

�
j2pdk� 1

� n
NT + ( j � L � 1)ws

�	
.

Whendk is known, equation16 is independentfor differentn and
canbesolvedseparatelyfor theunknown columnvectorGn, which
containsthe CFT of g(x) at 2L equidistantfrequency pointswith
spacingws. After this is donefor eachn we have an estimateof
G(w) at LN frequency pointsrangingfrom (� Lws) to (Lws � 1

NT )
with spacing 1

NT . From this we canestimateg(x) at a resolution
increasedby a factorof 2L.

As stated,we aresolving a K � 2L matrix equationfor eachfre-
quency component.By takingadvantageof thestructureof f n we
canvastly reducethe complexity of the problemaswell asprove
somenice propertiesof the system. First note that f n canbe de-
composedas

f n = DnH; (17)

whereDn is a diagonalmatrix with kth diagonalelement

T � 1exp
n

j2pdk� 1

� n
NT

� Lws

�o
(18)

and[H]i j = expf j2pdi ( j � 1)wsg. Usingequation16wecanwrite

D� 1
n Qn = HGn (19)

whereD� 1
n is a diagonalmatrix with kth diagonalelement

T exp
n

� j2pdk� 1

� n
NT

� Lws

� o
: (20)

3Thederivationsin thissectionaretakenfrom [TsaiandHuang1984].



Turningour attentionto matrix H, if we let Wi = ej2pdi� 1ws thenH
is aVandamondematrix of theform,

0

B
B
B
@

W0
1 W1

1 W2
1 � � � W2L� 1

1
W0

2 W1
2 W2

2 � � � W2L� 1
2

...
...

...
...

...
W0

K W1
K W2

K � � � W2L� 1
K

1

C
C
C
A

(21)

which meansthe rows of H are linearly independentso long as
the offsetsin eachimagesatisfy di 6= d j + mT, wherei 6= j and
m is any integer. If this holdsandK � 2L, thensolving for Gn is
well-posed. Anotherbene�t of this decompositionis to note that
H is independentof n, meaningits pseudo-inverseonly needsto be
computedonce.

So far we have only beenconsideringthe one dimensionalcase.
If we extendtheanalysisto two dimensions,theresultsarealmost
identical.Usingthe2DFouriertransformsinsteadof the1D Fourier
transforms,we arrive ata systemanalogousto equation16,

Qmn = f mnGmn: (22)

Wecanalsodoa similardecompositionof f mn,

f mn = DmnH (23)

sothat

D� 1
mnQmn = HGmn: (24)

Likethe1D case,H is independentof mandn soit' spseudo-inverse
only needsto becomputedoncefor all frequenciesmandn. Unlike
the1D case,however, well-posednessis no longerguaranteedeven
if no imagecoincideswith another. Thechanceof this happening
is low, sothetechniquestill generallyworkswell.

4 Spatial Domain Approaches

Approachingthesuper-resolutionproblemin thefrequency domain
makesalot of sensebecauseit is relativelysimpleandcomputation-
ally ef�cient. However, therearesomeproblemswith a frequency
domainformulation. For one,it restrictstheinter-framemotionto
be translationalbecausethe DFT assumesuniformly spacedsam-
ples. Anotherdisadvantageis that prior knowledgethat might be
usedto constrainor regularizethesuper-resolutionproblemis of-
ten dif�cult to expressin the frequency domain. Sincethe super-
resolutionproblem is fundamentallyill-posed4, incorporationof
prior knowledgeis essentialto achieve goodresults.

A varietyof techniquesexist for thesuper-resolutionproblemin the
spatialdomain.Thesesolutionsincludeinterpolation,deterministic
regularizedtechniques,stochasticmethods,iterative backprojec-
tion, andprojectiononto convex setsamongothers. The primary
advantagesto working in the spatialdomainare supportfor un-
constrainedmotionbetweenframesandeaseof incorporatingprior
knowledgeinto thesolution.5

4At somemagni®cation,the observationsalonefail to containenough
informationto supportauniquesuper-resolutionimage.

5Thefollowing sectionsareprimarily adaptedfrom thefollowing three
papers: [Park et al. 2003; BormanandStevenson1998; Elad andFeuer
1997].

4.1 Non-Unifo rm Interp olation

Perhapsthemostnaive methodfor performingsuper-resolutionis
to mappixelsfrom thelow-resolutionimagesontoacommonplane
(accordingto themotionmodelfor eachimage)andtheninterpolate
overamore�nely sampledgrid to obtainahigher-resolutionimage.
Unfortunately, this techniquegenerallyworksvery poorly because
of someinherentassumptions;the main problembeingthat cam-
erasensorsdo not act as impulsefunctions,but insteadspatially
averagethe incident light acrosseachpixel. Figure3c highlights
the lack of high frequency recovery using this technique.Notice
thatnon-uniforminterpolationlooksonly marginally betterthanbi-
linear interpolation. Application of a deblurringkernel,however,
yieldsnicelooking results.

Figure3: Resultsof non-uniforminterpolation.(a) Nearestneigh-
bor interpolation(over a singleimage). (b) bi-linear interpolation
(over a single image). (c) non-uniform interpolation(over four
translatedinput images).(d) applicationof a deblurringalgorithm
to (c). (Figuretakenfrom [Parket al. 2003])

4.2 Deterministic Regularization

Whenpresentedwith anill-posedproblemit becomesnecessaryto
imposeprior knowledgeon thesolutionspacein orderto obtaina
uniquesolution.Many standardtechniquesexist for doingthis,but
perhapsthemostcommonapproachis to imposeasmoothnessprior
via Tikhonov regularizationon top of a least-squaresoptimization
function[Park et al. 2003]. Recall our imageformation equation
(equation9),

yk = Wkg+ h k: (25)

AssumingthematrixWk canbeestimatedfor eachinput imageyk,
we canestimatethehigh-resolutionimageg(p) by minimizing the



following objective function,

K

å
k= 1

jj yk � Wkgjj2 + l jjCgjj2: (26)

Here,C 2 RPQ� PQ encodesour prior knowledgeof whatthehigh-
resolutionimageshouldlook like. The mostcommonchoicesfor
C encouragesmoothsolutionsby penalizinghigh frequency spatial
variationsin g. l controlshow muchweight is given to the reg-
ularizationconstraint;large valuesof l will result in overly con-
strainedsolutionsthatmaynot re�ect thedata,while smallvalues
could result in noisy solutionsdependingon the characteristicsof
thesamplingnoise,h .

The presenceof the regularizationterm guaranteesa convex and
differentiableoptimizationfunctionsolongasC is invertible.Thus,
a uniqueoptimal value of g can be computedusinga numberof
standardmethodslike gradientdescent.

Figure4 shows resultsof thedeterministicregularizationtechnique
with a smoothnessprior. Notethelargeeffect of l on theresulting
imagesandhow it comparesto a stochasticbasedapproach(cov-
eredin thenext section).Theresultsarecertainlyanimprovement
over thelow-resolutionimage,but enforcingsmoothnessis not al-
waysthe bestoption, especiallyif otherpriors canbe formulated
that preserve high-frequency detailsbetter(suchas the edgepre-
servingprior in �gure 4d).

To give more insight on the regularizationmatrix C, we derive a
matrix thatcanbeusedto enforcesmoothness.A typical measure
of smoothnessis thediscrete2D Laplacian,

Q =

0

@
0 1 0
1 -4 1
0 1 0

1

A (27)

which approximates¶
2 f

¶x2 + ¶2 f
¶y2 . We want to applyQ to eachpixel

in g. Sincethe imageg hasbeenmappedto a MN � 1 vector, we
simplyneedto makesureQ is mappedontotherowsof C appropri-
ately. Namely, themaindiagonalof C shouldbe � 4 andtherows
correspondingto the pixels adjacentto the pixel correspondingto
the given row shouldbe 1; all otherentrieswill be 0. The same
methodologycanbeusedto applyotherconstraintson a per-pixel
basis.

Theabove deterministicregularizationapproachcanbefurtheren-
hancedusingmultichanneltheory[Honget al. 1997b;Hong et al.
1997a;Kang1998],which essentiallyenablesconstraintsbetween
imagesto beexpressed.This is usuallyaccomplishedby concate-
natingtheinputimagesinto onelongvectorandusingalargerwarp
matrixW thatcontainscrossimageterms.Someworkhasalsobeen
doneon estimatingoptimalregularizationparametersl by analyz-
ing theL-curve[HansenandO'Leary 1993].

4.3 Stochastic Reconstruction Metho ds

While deterministicregularizationenablestheuseof prior knowl-
edgeto constrainthe solution,it doesso in a somewhat awkward
way, by tackingon a regularizationtermto theoptimizationfunc-
tion. Another approachto the sameproblemis to usestatistical
techniquesthat explicitly handleprior information and noise. If
certainconditionsaremet,thetwo formulationsyield thesameop-
timizationfunctions;however, inclusionof prior knowledgeis usu-
ally morenaturalusinga stochasticapproach.

The mostcommonstatisticalapproachfor super-resolutionis the
Bayesianformulation. This encompassesmaximum likelihood

Figure 4: The effects of regularizationon super-resolution. (a)
Nearestneighborinterpolation(over a single image). (b) Least
squaresestimatewith smalll . (c) Leastsquaresestimatewith large
l . (d) Maximum a posterioritechniquewith an edge-preserving
prior. (Figuretakenfrom [Parket al. 2003])

(ML) andmaximuma-posteriori(MAP) techniques.We startwith
thestandardobservationequation,

yk = Wkg+ h k (28)

wherethe observed datayk, noiseh k, andsuper-resolutionimage
g areassumedto be stochasticandthe warp matrix Wk is known.
Correspondingto the noiseh k is its autocorrelationmatrix Sk. If
we lack prior knowledge,we can set S� 1

k to the identity matrix,
which correspondsto white noise.Likewise,we de�ne Q to bethe
autocorrelationmatrixof g.

The maximuma-posterioriapproach,introducedby Schultzand
Stevenson[SchultzandStevenson1996]to thesuper-resolutionlit-
erature,triesto �nd theSRimageg thatmaximizestheprobability
of theSRimagegiventheobservedimages,Prf gjf ykgK

k= 1g; ie,

gMAP = argmaxg
h
Prf gjf ykgK

k= 1g
i

(29)

Applying Bayesrule andtakingthelogarithmof theresult,we ob-
tain

gMAP = argmaxg
h
Prff ykgK

k= 1jgg� Prf gg
i

(30)

gMAP = argmaxg
h
log(Prff ykgK

k= 1jgg) + log(Prf gg)
i
(31)

where log(Prff ykgK
k= 1jgg) is the log-likelihood function, and

Prf gg is thea priori densityof g.

If we assumethe noiseand SR imagecorrespondto zero mean
Gaussianadditive randomprocesseswith autocorrelationmatrices



SandQ, thenit canbeshown thattheMAP estimationis

gMAP = argmaxg
h
(Y � Wg)TS� 1(Y � Wg) + gTQ� 1g

i
; (32)

wherewe have combinedtheK imagesinto a singlelinearsystem
for notationalconvenience.Minimizationyields

g = (WTS� 1W + Q� 1)� 1WTS� 1Y: (33)

This is exactly equivalent to the minimum meansquarederror
(MMSE) solution.

Freemanet al.[Freemanet al. 2000;Freemanet al. 2002] employ
more powerful priors usingMarkov random�elds (MRFs). The
basicideais to divide the observed imagesandthe scene(ie, the
SRimage)into patches,assigningonenodeof aMarkov network to
eachpatch.Eachscenepatchis thenconnectedto its corresponding
imagepatchandto its spatiallyadjacentneighbors(see�gure 5).

Figure5: MRF network usedby Freemanet al.

In this model,Pr(g) is de�ned as

Pr(g) =
1
Z

expf� U(g)g =
1
Z

exp

(

� å
c2C

f c(g)

)

(34)

whereZ is a normalizingconstant,U(g) is an “energy” function,
f c(g) is a potentialfunction thatdependson pixel valueswithin a
clique(akapatch)c, andC is thesetof cliques.

Freemanetal. train thenetwork on asetof real-world photographs
and achieve fairly good results(see�gures 6 and 7). It should
be notedthat their paperonly considersa single observed image
andthereforeshouldbeconsideredanimage restoration algorithm
ratherthana super-resolutionalgorithm.However, it highlightsthe
power of usinga more�e xible prior modelcombinedwith a learn-
ing framework.

A similarpatchbasedtechniquerecentlydevelopedin thecomputer
vision community is the epitome[N. Jojic and A.Kannan 2003;
Cheungetal.2005].Themostrecentwork enablessuper-resolution
in videosusingpriors learnedfrom previous framesin the scene.
The resultsrelatedto super-resolutionlook good,but areapplied
to somewhat benignscenes,so it remainsto be seenwhetherthe
techniquetruly workswell or not for super-resolution.

CapelandZisserman[CapelandZisserman2001] employ a “f ace
space”prior learnedfrom imagesof humanfaces.Figure8 shows

Figure6: A restoredimageof a tiger from Freemanet al. (Top)
Observedlow-resolutionimage.(Bottom)Restoredimage.

the effect of changingthe weight on their prior term. Baker and
Kanade[Baker andKanade2002]alsolearnpriors from imagesof
humanfaces,but insteadof learningentirefaces,they learna set
of typical facepatches.The prior term then indicateshow close
the imagesareto beingformedfrom a setof patches.Resultsare
shown in �gure 9.

While papersthat uselearnedconstraintsclaim to be lessad-hoc
thanalgorithmsthatuse“arti�cial” constraintslikesmoothness,this
is completelydependenton thetrainingdata.Therecouldbeunin-
tended,andsubtle,consequencesto usingtrainingsetsthatarenot
well thoughtout. The main issueis that the training setsneedto
re�ect thestatisticsof the imagesbeingrestoredwithout introduc-
ing bias;however, it is no simpletaskto evaluatewhetheror not a
giventrainingsetsatis�esthis criterion.Sincemostlearningbased
approachesusesomewhatad-hoctrainingsets,it is dif�cult to eval-
uatethealgorithmsandalsoto comparedifferentalgorithmsto one
another.

4.4 Other Restoration Techniques

4.4.1 Projection Onto Convex Sets

Anothermethodfor reducingthespaceof possiblereconstructions
is projectionontoconvex sets(POCS)[Youla1978;EladandFeuer
1997].This is aset-theoreticapproachwhereeachpieceof a priori
knowledgeis formulatedas a constrainingconvex set. Oncethe
groupof convex setsis formed,an iterative algorithmis employed
to recover a pointon theintersectionof theconvex sets,

gi+ 1 = PMPM� 1 � � � P2P1f gig (35)



(a) (b)

(c) (d)

Figure 7: A restoredimage of a boy from Freemanet al. (a)
Observed low-resolutionimage. (b) Bi-cubic interpolation. (c)
Methodof Freemanet al. (d) Actualhigh-resimage.

wherePj is theprojectionof a givenpoint onto the jth convex set
andM is thenumberof convex sets.In essence,we arerestricting
the�nal restoredimageto lie ontheintersectionof theconstraining
sets,f PjgM

j= 1. The reasonwe requireconvex setsis that conver-
genceis guaranteedfor thecasewhereeachsetis convex.

Onepotentialgroupof convex setsis basedon thel2 distancemea-
sure,

Gk =
n

g
�
� jjWkg� ykjj2 � 1

o
;1 � k � K: (36)

This de�nes a setof ellipsoids(onefor eachinput image)andre-
stricts the �nal solution to lie inside the ellipsoids. Other possi-
ble convex setsincludeonesbasedon thel¥ norm,thoseimposing
smoothness,andthoseconstrainingtheimageintensityto beposi-
tive. Two problemswith thePOCSapproacharethatuniquenessis
not guaranteedfor the �nal recoveredimageandthat de�ning the
projectionsPj canbedif�cult.

4.4.2 Iterative Back Projection

Irani andPeleg[Irani andPeleg 1991]proposeda super-resolution
algorithm basedon iterative back projection(IBP). The key idea
is that the error betweenthe observed low-resolutionimagesand
thecorrespondinglow-resolutionimagesformedusinganestimate
of theSRimagecanbeusedto iteratively re�ne theestimatedSR
image.Theupdateequationis

gn+ 1( p) = gn( p) + å
m

(yk(m) � ỹk(m))
(hBP

mp)2

cå m0hBP
m0p

(37)

wheregn is theestimateof theSRimageat thenth iteration,yk is
thekth low-resolutionimage,ỹk is thekth low-resolutionimageas
approximatedfrom gn, andhBP is a backprojectionkernel. While

Figure 8: Face spaceMAP reconstructionresultswith varying
weighton theprior term.As l increasestheimagemovescloserto
theaverageface.(Figurefrom [CapelandZisserman2001])

iterativebackprojectionis relatively easyto understand,themethod
doesnot directly addressthe ill-conditioning of the problemand
incorporationof a priori constraintsis dif�cult.

5 Limits on Super-Resolution

Recentlytherehasbeengrowing interestin determiningwhat the
limits of super-resolutionalgorithmsare.Themostprominentwork
in this direction is that of Baker and Kanade[Baker and Kanade
2002]. Anotheranalysiswaslaterdoneby Lin andShum[Linand
Shum2004],followingupontheresultsof BakerandKanade.Both
analysesaddressa somewhatsimpli�ed, but well justi�ed, form of
thesuper-resolutionproblem.

5.1 Baker and Kanade

BakerandKanadederivethreeresultsthateachshow thatthesuper-
resolutionproblembecomesmuchmoredif�cult asthemagni�ca-
tion factor increases.The �rst is that for certainclassesof point
spreadfunctions,the reconstructionconstraintsare not invertible
andthenull spaceof thelinearsystemgrows quadraticallywith the
magni�cationterm. Second,they show thatfor othermoregeneral
classesof point spreadfunction,theconditionnumbergrows at or
greaterthanquadratic.Thethird resultis thatthesolutionspacefor
potentialreconstructionsgrows “extremelyfast” with increasesin
magni�cation factor– meaningregularizationtermswill dominate
thesolutionat somepoint.

The following assumptionsare made throughout Baker and
Kanade's analysis,

� Thepoint spreadfunctiontakestheform,

PSFk(x) = (wk � ak)(x) where (38)

ak(x) =
�

1
S2 if jxj � S=2 andjyj � S=2
0 otherwise

�
(39)

with the width of the photoreceptorS the samefor all input
images.



� The optical blur portion of the PSF, wk(z), is a Dirac delta
function, d(z), implying no optical blurring (this is later re-
laxed).

� Theregistrationfunctionrk(z) correspondsto global transla-
tion. Thus,registrationtakestheform

rk(z) =
1
L

z+ ck (40)

whereL is themagni�cation factorandck 2 R2 is a constant
(althoughdifferentfor eachimage).

Theperformanceof any resultingsuper-resolutionalgorithmbased
on theseassumptionswill dependon the numberof input images
K andthevaluesof thelocal translationsck. Theanalysisassumes
the bestpossiblescenariowherethere is an arbitrary numberof
input imagesandtheregistrationis perfectlyestimated.Thus,any
derivedupperboundswill befor bestcasescenarios.

5.1.1 Invertibilit y for Square Point Spread Functions

If we usea squarepoint spreadfunction PSFk(z) = ak(z) andthe
registrationis a translation,we cansimplify the imageformation
equation(eqn5) to,

yk(m) = å
p

Wk(m; p) � g(p) (41)

Wk(m; p) =
1
L2

Z

p
ak

�
1
L

z+ ck � m
�

dz (42)

wheretheintegrationis over thepixel p. Usingourearlierassumed
form for ak, we canfurthersimplify Wk(m; p) to

Wk(m; p) =
1

(L � S)2 � A (43)

whereA is theareaof intersectionbetweenSRpixel p andthetrans-
latedlow-resolutionpixel m(see�gure 10. Without lossof general-
ity, wecanassumeeachpixel in theSRimageoccupiesanareaof 1
(which implieseachLR imagepixel occupiesanareaof (LS)2). If
LS is aninteger largerthan1, thenequation41 is not invertiblefor
any setof translationsf ckgK

k= 1 andthe smallestdimensionof the
null-spaceis (LS� 1)2. If LS is not aninteger, thensomef ckgK

k= 1
will enableinversionof equation41.

Figure10: Theareaof intersectionbetweenSRimagepixel p and
translatedlow-resolutionpixel m. (Figurefrom [Baker andKanade
2002])

We omit the proof, but it is somewhat intuitive that if the sizeof
eachobservedpixel is an integermultiple of thesizeof anSRim-
agepixel thenthe resultingconstraintswill have lessvariety than
if this werenotso.Figure11comparesmagni�cationsof LS= 1:5
andLS= 2:0. With a magni�cation of 2:0 andno regularization,
theproblemis ill-conditionedascanbeseenby thehigh-frequency
artifactsin the reconstruction;whereasthemagni�cation of 1:5 is
invertible without regularization. Note the resultsagreewith the
theory. This result is importantbecauseit proves that thereexist
non-invertible scenariosregardlessof the numberof input images
usingfairly standardassumptionsregardingthe PSFandregistra-
tion.

Figure11: (a) Super-resolutionwith LS= 2:0, no regularization.
(b) Super-resolutionwith LS= 1:5, no regularization. (c) Super-
resolutionwith LS= 2:0, with regularization.(Figurefrom [Baker
andKanade2002])

5.1.2 Conditioning for Arbitra ry Point Spread Functions

The next resultshown by Baker andKanadeis that the condition
numberfor thelinearsystemin equation5 grows at leastasfastas
(LS)2 for any opticalblur wk. Thiscanbeprovedby employing the
propertyof singularvaluesof matrix A thatfor any vectorx,

s1 �
jjAxjj2

jj xjj2
� sn (44)

wheres1 is thelargestsingularvalue,sn is thelargest,andjj � jj2 is

theL2 norm.SinceCond(A) = s1
sn

� jjxjj2jjAyjj2
jjyjj2jjAxjj2

for any x andy, we
canboundtheconditionnumberby �nding appropriatex andy. If
we choosex to be theSRimageof all onesandy to bea checker-
boardpatternandusePSFk = ak, it follows thatthecorresponding
low-resolutionimagesareyk(m) = 1 and jyk(m)j � 1

(LS)2 respec-
tively, for all m. This implies a conditionnumbergreaterthanor
equalto (LS)2. For the extensionto arbitraryPSFsthe readeris
directedto theoriginalpaperfor theproof.

5.1.3 Volume of Solutions for Arbitra ry Point Spread
Functions

Thethird majorresultstatesthatin thepresenceof quantization,the
volumeof thesetof solutionsgrowsasymptoticallyasjLSj2n where
L is themagni�cationfactor, Sis thewidth of thephotoreceptorfor
a singlepixel, andn is the numberof pixels in the SR imagewe
aretrying to recover. This is probablythemostrelevantresultasit
showsthatthenumberof possiblesolutionsgrowsveryrapidlywith
themagni�cation factor. For standardsuper-resolutionalgorithms
incorporatinga smoothnessprior, this meansthatat somepoint the
numberof potential smoothsolutionsgrows so high that the al-
gorithm no longerworks well. Figure12 shows super-resolution
resultsfor increasingmagni�cationfactor.



5.2 Lin and Shum

While Baker and Kanade show asymptotic trends in super-
resolutionalgorithmsbasedon themagni�cation factorandwidth
of the photoreceptorfor eachpixel, they don't show limits on the
magni�cation L, the numberof input imagesneededto obtainac-
ceptableresults,or at whatpoint additionalimagesfail to provide
new information. Lin andShum[Lin andShum2004] extendthe
resultsof Baker andKanadeby analyzingtheseproblems.Basing
theiranalysisonperturbationtheoryof linearsystems,they derivea
practicallimit of 1.6X magni�cation in thepresenceof registration
andimagenoiseanda theoreticallimit of 5.7X for perfectregis-
tration. Further, they show a sharpcutoff in reconstructionperfor-
manceoncea certainsetof low-resolutionpixels have beencap-
turedandalsoshow limits on thenumberof low-resolutionimages
neededto form sucha set.

6 Future Research Directions

While the super-resolutionproblemhasbeenheavily studied,two
recenttrendshaveemergedthatseemripe for furtheradvancement.
The�rst trendis thatof analyzingthelimitationsof super-resolution
algorithms. The work of Baker andKanadeand that of Lin and
Shumare fairly completefor the caseof translatedinput images
with standardreconstructionbasedalgorithms6. However, it would
be interestingto examinethe effects of non-translationalmotion
andfurtherexploretheeffectsof registrationerrorandotherforms
of noise. Another thing that shouldbe morecarefully researched
are the effects of quantization. Speci�cally, it would be good to
have ananalysisof how increasedquantizationgranularityaffects
conditioningof theimageformationequation.

The secondtrend in super-resolutionis the useof learnedpriors
to constrainthe solution space. While much researchhas been
focusedin this direction recently, thereis certainlystill room for
improvement. The primary issueshereare �nding good models
for representinga priori informationand�nding ef�cient learning
techniquesfor thesemodels.Themodelingandlearningaspectsgo
handin handbecauseasmodel �e xibility increases,the ability to
effectively learnparametersof themodeldecreases.

In additionto thesetwo trends,we have identi�ed somenew direc-
tionsfor futureresearch.The�rst asksthequestion“Canwedesign
camerasensorsthatareoptimal for super-resolutionalgorithms?”.
CurrentCCDsact like box functions,spatially integratingover a
uniform rectangularregion for eachpixel. It is likely that other
typesof sampling,suchas integration over a Gaussianfunction,
would yield betterresults7.

Anotherdirectionis to combinesuper-resolutionwith densestereo
reconstruction.Densestereoreconstructionis the processof es-
timating the depthof every point in the scenefrom two or more
input imagestaken from differentposes.Currenttechniquestyp-
ically estimatedepthsfor every pixel in oneof the images,but it
shouldbe possibleto obtaindepthson a �ner grid by combining
super-resolutiontechniqueswith densestereo.

A third potentialproblemis to combinehigh dynamicrangeimag-
ing with super-resolution. High dynamicrangeimaging involves

6Reconstructionbasedalgorithmsarethosethatuseanimageformation
modelto relatethehigh-resolutionimageto low-resolutioninputs.Inversion
of theformationmodelthenis thecruxof suchalgorithms.

7Obviously, the mostideal samplingfunction from a theoreticalstand-
point is an impulsefunction, but this is not feasible;also,the smallerthe
areaof integrationonthesensor, thehigherthesignal-to-noiseratiowill be.

takingmultiple imagesfrom thesameviewpoint at differentexpo-
suresandthencombiningthe imagesto obtainan imageof higher
dynamicrange8. By takingmultiple imagesat differentexposures
andwith slight translationaloffsetsit might bepossibleto obtaina
super-resolved high dynamicrangeimagemoreef�ciently thanif
thetwo stagesaredoneindependently.

7 Conclusions

We have provideda review of thecurrentstateof super-resolution
research,covering thepast,present,andfutureof theproblem. A
standardimageformationmodelwas�rst introduced,followedby
summariesof themajorclassesof algorithmsincluding frequency
domainapproaches,deterministicregularization,stochastictech-
niques,andprojectiononto convex sets. We thencoveredrecent
analysesonthelimits of super-resolutionalgorithmsand�nally dis-
cussedpotentialfuturedirectionsfor research.
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Figure9: “Hallucination” basedreconstructionresultsusingthemethodfrom BakerandKanade.Only four low-resolutionimageswereused
for eachof thereconstructions.Notethatasthemagni�cation increases,thealgorithmbeginsplacingpatchessomewhat randomly. (Figure
from [Baker andKanade2002])

Figure12: Resultsfromareconstruction-basedsuper-resolutionalgorithmfor increasingmagni�cationfactor. Noticethatasthemagni�cation
increases,the smoothnessconstraintis no longersuf�cient to recover muchof the detail. This canbe explainedby the large increasein
potentialsolutionsasthemagni�cationincreases.(Figurefrom [Baker andKanade2002])


